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» R.A. DeCarlo, S.H. Zak, & G.P. Matthews (1988) Variable

structure control of nonlinear multivariable systems: a tutorial.

Proceedings of the IEEE
» J.Y. Hung, W. Gao, & J.C. Hung (1993) Variable Structure
Control: A Survey. IEEE Trans. on Industrial Electronics

» K.D. Young, V.I. Utkin, & U. Ozguner (1998) A control
engineer's guide to sliding mode control. /EEE Trans. Control
Systems Technology

» C. Edwards & S. Spurgeon (1998) Sliding mode control:
Theory and applications, Taylor & Francis
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Non-vanishing perturbation0| & = R&5I=
HYUMo = £=HA|F|= Mo LEHO| JUSENR7

Vanishing case:

Non-vanishing case:

Non-vanishing case:

t=ar+u, la<1
u=-2r = I=-(2-a)

u=—kiz(t) — ks /Ot x(s)ds

T=0(t)+u, [dt)<1
u= 7

= O

Note: Feedback stabilization2| & 2I2|

Cancellation vs. Domination
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Discontinuous feedback© £ non-vanishing caseE ol &
AN
% ek

g=0+u, |0<1

-2 ifxz>0
u=a(r)=<¢+2 fz<0
* ifz=0

.
= <0 fxz>0

>0 ifz<0
=0+% ifz=0
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: f(x)= 'discontinuous right-hand side' &

4% 0|2 g™ Alo|ct. (h2tM il =Xt fRAUAMO|
AEo= =EEX| heCt)
» O] B2, = —-00|H 2 E =7|zt0l| CHSI0] olj = &
=PERE TN
> JBE «— 02 £7} gUck (AN
CERCIFTEE LN
-2 ifz>0
u=alx) =< +2 ifx<0
0 if =0
o] 4% udAel sfief 7HE2 2= si{7F EXSHA| 2ot =X 7t
Sict. (ol27te) YY)
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Engineer2| &0l = 2X|7F SACt

-2 ifz>0
u=oar)=<+2 fz<0
0 ifx=0

T8 Al digital controller0O| A = = 02| Z 7} LHAiSHK| Qb=C}.
(O|27t= ™3| Zetolct)

Engineer7} AMAME= CHE 2A|: “chattering”

L8
F\'ll/f\ir +

» AX| digital 20| A = sampling period S2H0i| M| O{ZfS
switchingSX| &2 GtCt.

» AX| 2 = actuatorl} sensor®i| = dynamics7} Q)01 delay &1}
2, ASH= switching I3 S N2 W =7} giCt.

» O|E S 1}7} ZtOtEICHH, chattering E0tE £0{ =L}
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Differential InclusionO|2F £S10917}27?

t € F(x), F(z): R™ — subset of R", set-valued map
2 AlZ BtEStE x(t)E differential inclusion2| {2} 1 St}

)n=1¢ M, e Flz)={zeR:2<1} < z(t)<1

4\7‘-

S —

7/27



Filippov solutionO| 2t F2C1017}R7

f+(2), at (1
&= f(x) = q f-(2),

don't care,

o, fi(2)2 f-(z)= C! vector fields.

(‘don't care’2| Ztoi| hat DA QI e JHES 2= sl 7t
ZEXH5HK] LS 4= ULt 80| Engineer?| sense2 = 57+ &f
EMstD E ZX[ 7+ gict.)
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Definition

= f(x)2] 'solution in the sense of Filippov'2t Of2{f 2} Z+0|
H 9| =l set-valued map F(z)0| CHSH07 differential inclusion
&€ F(x)2| sHE ZstCt. o,

{f+(2)} if x € Qp
F(z) =< {f_(2)} if v e Q_
co{fi(z),f_(x)} ifzesS
0{7|M
Folw) = lim o),
Fo@)= _Jm ()

co{ fr(2), f-(2)} =
{afr(@) + (1 —a)f-(z) :a€[0,1]}
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Example

r=0 [_17+1]7

x>0 -1,
<0 = z€F(x)=1q+1,
E X

t = f(r)= §F AlZt o]0 SHE K| LX[TH 2 € F(x)
SHE Zt=Ct MEtM, & = f(2)= DX Al o|0]e] 3= 2l
QIX|8t, Filippov sense2| alff = &tat =X ST}

| —
—
oA
A=

x>0
<0
z=0

T
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Equivalent controlO| 2t & EOITIR7

|
| S24

nt2tM s E Ot= = control:

“equivalent control’ = net-effect of
- _ . .
switching control
A
ueh
o:
*

T=0(t)+u
u = —Ksgn(x)

Ol 7O:|_c|>_| Ueq - _(5(t> [ p— rd
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Sliding Mode Control2 FS1917tR7

Feedback stabilization (in phase portrait):

N
= P,
T~ — =
- = O™
%e=fra x=foo + oo

Sliding mode control:

/\/\ﬂ(% « shiding  surfee/ manifld
!

> S8 AIZH L0 M2tz Sofzic

—_

» 71 O|= sliding surfaceE Et11 "SELC}" (— sliding)
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od I 20f| O|ZHO| EsHI}IL?

Robust Control2 M 8| 5}7| 2 QIL|C}.

Model uncertainty2} external disturbancedf| = 2 F6t10

/y FSlid(l:l_j Ju'r'pwe/ Maﬂ;‘ﬁolt‘
@s—«

\

\ 3
; I

1. sliding surface2 EL{= H

=)

=

2. AUt sliding surfacedl| S0{ 2™ uncertaintydf] P&k EHX|
0 AR A B == U7| I Z0|ct.

S|
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Sliding Mode Controller &3 7]

2R A|AEL9] o .
r1 = T2

ia = h(z) + g(z)u
h(z), 9(»’6)1 unknown, g(z) > go > 0 and go: known
Of wf &t s(z) = kzy + 202k HO|5H1, M|0{7|7}F A|AH
MEfEHZZ 5(z(t)) = 00] RX|EEE OIS £ QIChH,

i’l(t) = —k.%’l(t)

s(@(t)) = kz1(t) +22(t) =0 = {xz(t) = —kay(t)

> s(x)= MAAXZF HSE2 2 uncertaintyZt It (Design of
sliding surface {z : s(x) = 0})

» s(z(t)) = 00| FX|E[MH, A|AEIL uncertainty2} 225+
Hohzl waloz Sxsicy

» EH2 A2 s(x(t)) =00] Bl &, 0|8 |RXISIEE MOH7|E
A 7|St= Z0|C}. (Design of control u for Reaching phase) .5 ,.,



Reaching phase &0 Sliding phase& 42 MM
=

( /L/L/ - sliding  surfhce/ manifld
5

Reaching phased| M s(z(t
V(z) = %s(w)zE_l-_T'_ oA,

V = s$ = s[kxy + h(z) + g(z)u]

HE

_=3S
=
—r

o St
odorr

)) — 02 EAtsta{ 047

kxa + h(z)
<lslg(x) | ———| + u
sloe) | =y | +9(@)
Che ZHE U=t &4 p(2)E Mot
ks + h(z
()() < p(x), i

for all uncertainties h(z) and g(z) > go.
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kxo + h(x)
g9(z)
|slg(z)p(x) + g(z)su

v < Jslg(a) + g(w)su

IN

O|XM| M[017|E M| Qt5HH,

Option 1: u = —sgn
Option 2:  u = —sgn

2,
Option 1:  V < —g(x)s® < —2goV
= V(z(t)) < e 29 (2(0))
Option 2: V < —gols| < —goV2V
= 85t A|Zt LHO]| sliding surface0l| =&
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7t 5|22, /8t AlZHUHo| W(x(t))7F00] E S & = U

> V = 00| & Zof= ofg

X0f| F25HA|,

sgn(0)2] 4
> Engineer9.| & chattering0| QUZAX|OF s(z(t)) =02 72|
=X
» O|E7}e| BtA: solution z(t) in the sense of Filippove
s(x(0) = 02 A% BH=
» FStAIZE LHOI| s(2(¢))7t 00] =11, 1 O|=0ll= x(t)7} 0
BT aaticin s aiHE S0l Bt Aelter

I

18 /27



0|£0] 2f Sliding Mode Control®17}tR7

o LL « sl J{U Suv‘pnze/ manifold
unstablc node (/
5

saddle point
— N x
©

o : » VSC (Variable Structure Control)

” . » Optimal control2| Bang-bang
© control}2| A =7
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HM2|: Sliding Mode Control2| A4 7|

Sliding surfaceE MA|5t0 QU= wE MA ST
1. [Sliding phase A A|] Sliding surface2| MA|= s(z)E Hot=
Ho =z, S:={x:s(x) =0}2l surface YA A[AEIO|
sts S2H(0l: Ao S3)st== MBI
» A|AEI| uncertaintyZ7f QIEEFE S | AM = uncertainty 7}
LIEtLIX| Qb= A7t LR 20|, LIEHCt StEEHE 2 A|

LS -
CHE = U= 97t Bt

» S RI0|M AAE] Xp== ZFOFEICEH
» S= invariant set2!77}?

N
=
3
(@]

o
=
[0}
©
0
[o5)
A
x
e
=
=
I
N[ =
EY
=
Hu
qn
|
<
i
X
el
o
i

HBICt
> O] BFHAM sgn =7t H 2SI
» UncertaintyE CIE= A= 0| 2}H|AM O|FR0{ZIC}.
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M7 CIA|: =, A L o

=
= =T
Pendulum system:
:ﬁl = T2
Z9 = —cysin(zy + c2) — c3x2 + cqu

Control goal: Stabilize the origin under the variation of ¢y, ca, c3,

and ¢4 > cg > 0. (c1, 2, c3, ¢4 are unknown, but the bounds of
their variations are known.)

Sliding surface design: Let s(z) = kx1 + .
O|AE (z1,22) < (x1,5)2ke] Zt=HSt0|2} M2t = ZCt. Of
@2,

1= —kx1+s

$=—k’r1+ks—c sin(z1 + ¢2) — c3(s — kx1) + cqu
X|Z7HX| v 2 A Z CfA| S0|5H EXt
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Reaching phase design:

88 = s[fk:2$1 + ks —cysin(zy + ¢c2) — e3(s — kx1)] + casu

< |s|p(z1, 8) + casu

where
| — K%zy + ks — ¢ sin(z1 4 o) — e3(s — kxp)| < p(z1, 5)
With ]
u:—sgn(S);[p(x1,5)+K], K>07
0
we have
58 <|slp—|s | = [p+ K] < —K]s|.
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CEA| SHHOE A4 ZI5H S A|CE.
> A|AEIO| uncertainty7} UEHEFE S | A = uncertainty7}
LIEFLIR| o4 Z2 7} CHEE0| T, LIERHICH Bt 2ts

27 CHE & U= B2t Bt

T1 = —kxq, xo = —kz1
» SSHAIZE LHO s(z(¢))7F 00| £, 11 O|S 0= ()7t 0
O Z £HESICtD 51 Y E SHO| B AT R7?

To =1
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i) = —x1 +ais(t), s(t)=2-—t

Let w :=1/x;.
. T 1
w 2 m s(t)y=w—( )

w(t) = e'w(0) —e' +1 —t

2t o0 22 w(0) > 0 (5, 01 2 21(0) > 0)0i| £HS}0d,
w(0) > 0, w(2) = e*(w(0) —1)—1<0

Z, z1(t) — oo in finite-time.
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Chattering2 Q¥ === QILIR?

rr

HiEH1 O}l= D= & cancel 5K}
O)it=ar+d+u 1<a<31<6<3

u=—2r—2+vetd 5}H,
t=(a—2)x+ (0 —2)+v7l =l &, vE SMCE A

22 sgn(s)E sat(f) &= ZASHAL
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